1. Introduction. Some of the most important problems in the representation theory of finite groups deal with character degrees and primes. For instance, the McKay, Alperin weight, Dade's or Brauer's height zero conjectures all have as key ingredients a prime p and the degrees of the irreducible complex characters of a finite group G. (As usual, we denote by Irr(G) this set of the irreducible characters of G, that is, the set of traces of its irreducible complex representations. The degree of χ is χ (1) 
.)
But, before some of these problems were even proposed, there was a simple fundamental question that had be solved: When is it true for all χ ∈ Irr(G) that p does not divide χ(1)?
If a finite group has a normal abelian Sylow p-subgroup, then it can be proved that p does not divide the degrees of its irreducible characters using standard character theory. The converse was addressed in the 1950's by Itô and solved for solvable groups [13] . In fact, it is not difficult to show that this converse holds for every finite group if it holds for the finite simple groups.
Thirty years later, Michler was able to completely solve the problem using the recently announced classification of finite simple groups [21] . His task was to show that a non-abelian finite simple group G of order divisible by p possesses an irreducible character χ ∈ Irr(G) of degree divisible by p. In fact, for p > 3, Michler proved more than that: G has a p-defect zero character χ, that is, an irreducible character such that χ(1) p = |G| p (n p is the largest power of p dividing n). We believe that this is one of the first applications of the classification to character theory.
Next is the central theorem on which we shall be building here. Theorem 1.1 ([13, 21] ). Let G be a finite group, let p be a prime and let P ∈ Syl p (G). Then every χ ∈ Irr(G) has degree not divisible by p if and only if P ▹ G and P is abelian.
This survey deals with several variations of this theorem involving blocks, fields, group actions, Brauer characters or permutation characters, which are put together for the first time. We review these variations with the hope that some of the ideas here, applied to other theorems or conjectures, might perhaps suggest new results or reveal new insights.
Before we proceed, let us mention a dual result, which is also important in this survey. When talking about Itô and Michler's theorem, it is natural to mention Thompson's theorem on character degrees [37] . This is an example of a sort of wonderful duality that we sometimes have in mathematics.
Theorem 1.2 ([37]
). Let G be a finite group, let p be a prime and let P ∈ Syl p (G). Then every nonlinear χ ∈ Irr(G) has degree divisible by p if and only if G has a normal p-complement K and C K ′ (P ) = 1.
Thompson's theorem is not usually stated as above. Thompson proved that, if every nonlinear χ ∈ Irr(G) has degree divisible by p, then G has a normal p-complement while the group-theoretical characterization is due to Gow and Humphreys [7] . It should be remarked that the difficulty of Thompson's theorem cannot be compared to that of Itô and Michler's in the sense that, in the latter, the classification of finite simple groups must be invoked.
Throughout, p is a fixed prime. The notation for ordinary character theory follows [9] and the notation for modular theory [23].
2. Blocks. We begin with blocks. There are many ways to introduce Brauer p-blocks. Since the main actor of these notes is characters, we stick to characters as much as possible. Write G p ′ for the set of elements of G whose order is not divisible by p.
and the connected components of this linking are the p-blocks of G. The principal p-block B 0 (G), the most important block, is the connected component of the trivial character. In fact, the principal block consists of the set of characters χ ∈ Irr(G) such that ∑ We remark that if, in Itô and Michler's theorem, we restrict our attention to the characters in the principal block, then the commutativity of P is characterized while the normality of P is lost. An ongoing problem has been finding the exact subset of Irr(G) that characterizes the normality of P (and forgets about its commutativity). The solution is offered in the last variation in these notes.
What does the height zero conjecture assert in general? Recall that G has a p-subgroup D associated to every p-block B (uniquely determined up to G-conjugacy), which has deep connections with the characters in the block. These p-subgroups are the defect groups of the block. For instance, a block B consists of exactly one character {χ} if and only if D = 1. Another connection with characters is that χ(x) = 0 if x p does not lie in a G-conjugate of D and χ ∈ B. Also, the minimum of {χ (1) Hence, nilpotent blocks and blocks with an abelian defect group are like opposite faces of the same coin (from this point of view).
The following theorem, due to Isaacs and Smith [12, Corollary 3] , is the dual of Conjecture 2.1, and it is a particular case of Conjecture 2.3. 
Theorem 2.4. G has a normal p-complement if and only if every nonlinear irreducible character in
is the projective indecomposable character. We write Irr(Φ 1 ) for the irreducible constituents of Φ 1 , and we notice that Irr(Φ 1 ) ⊆ B 0 (G). 
Brauer characters.
A typical way to generalize a theorem on ordinary characters is to ask to what extent the same result holds for p-Brauer characters. So the variation of Itô and Michler's theorem with respect to Brauer characters would be: for some prime q, when is it true that, for every ϕ ∈ IBr(G), the degree ϕ(1) is not divisible by q? Although this question has been studied, it seems to us that the right theorem (if such a theorem exists) has not yet been found. In our opinion, it is very difficult to find general good theorems on the degrees of Brauer characters, except perhaps in two cases: if our group G is p-solvable or if our interest is in q = p.
The following is another consequence of the classification [21]. Theorem 3.1. Suppose that G is a finite group, and let P ∈ Syl p (G).
Then every ϕ ∈ IBr(G) has degree not divisible by p if and only if P ▹ G.
In Section 2, we searched for a criterion for P to be normal in G, and Theorem 3.1 provides one by using Brauer character degrees. Brauer character degrees, except in p-solvable groups, are not known to be detectable in the ordinary character table (this is by itself an important problem). Let us mention that there is a clever elementary proof by Okuyama for p = 2 of the previous theorem [23, Theorem (2.33)].
For solvable groups, the question of when all the irreducible Brauer characters have q ′ -degree was studied by Manz and Wolf (see [20, Theorem (13.8)]), and some of the structure of these groups was revealed.
Problem 3.2. Let
Thompson's theorem for Brauer characters was proved in [7] , while the group-theoretical characterization was given in [34] . All of these results need some solvability assumptions. Hence, we see that the fact that a group has a self-normalizing Sylow p-subgroup, at least for p odd, can be detected from the degrees of the irreducible Brauer characters. (We do not know of any other similar result for p = 2.) But, in fact, if p is odd, we can check whether N G (P ) = P from the ordinary character If Q ⊆ F ⊆ C is a subfield, then we write
A few important cases follow from equation (4.1):
that is, the subset of rational, real or p-rational characters of G. (A character is p-rational if its values lie in some cyclotomic field Q n for some n not divisible by p.)
When dealing with real characters, p = 2 is the natural prime. The following result was proven [3] . Recall that a 2-group is of ChillagMann type [2] if the only irreducible real characters of P are linear. 
Theorem 4.1. Let G be a finite group, and let P ∈ Syl 2 (G). Then every χ ∈ Irr R (G) has odd degree if and only if P ▹ G and P is of Chillag-Mann type.

Marinelli and Tiep have proved that it is possible to replace Irr
Although the equivalence of (a) and (c) is elementary, the equivalence between (a) and (b) is much deeper and requires the classification of finite simple groups. In addition, a p odd version of part of the above result can be obtained if we replace Q by Q p , the cyclotomic field [27].
Without going into detail, all these theorems need general results of the following type. Problem 4.5. Suppose that N ▹ G and θ ∈ Irr F (N ), where Q ⊆ F ⊆ C is a field. Find conditions on N , θ or G/N to guarantee that there exists χ ∈ Irr(G|θ) which is F -valued.
Minimal situations.
Minimal situations constitute a central subject in group theory. If we set
where Irr p ′ (G) is the set of irreducible characters of G of degree not divisible by p, then Itô-Michler considers the case cd(G) = cd p ′ (G). In search for general patterns, in [10], we consider the "next" case:
Among other facts, the following was proven.
Theorem 5.1. Let p be a prime, let G be a finite group, and let
Although we have not checked as many examples as possible, this suggests to us that, perhaps, if G is a finite group with Sylow psubgroup P , then dl (P ) − 1 is bounded by the number of irreducible character degrees which are divisible by p. Some analogous results might even be true for blocks, heights and defect groups.
The Itô-Michler theorem offers, as we now know, two adjectives on P : normal and abelian. In the situation where cd (G) = cd p ′ (G) ∪ {a}, we have that P is metabelian, by Theorem 5.1, but it seems that nothing can be said about "how normal" P is in G. For instance, if we consider dihedral groups, we have that cd (D 2(2n+1) ) = {1, 2}, while the Sylow 2-subgroup of this group is self-normalizing of size 2.
The following minimal situation was studied and classified [6].
Theorem 5.2. Let p be a prime, let G be a finite group, and let
This theorem suggests that the number of characters of degree divisible by p is perhaps bounded by the length of any saturated chain of subgroups from N G (P ) to G. In a coprime action, the A-invariant characters extend to the semidirect product GA characters that have degree coprime with |A|. As a further generalization, this suggests looking at the set of irreducible characters of a finite group whose degrees are not divisible by some prime q as the basic object. Again, this needs a solvability hypothesis and was proven [33]. Theorem 6.2. Suppose that G is a solvable group. Let P ∈ Syl p (G) and Q ∈ Syl q (G) be such that P Q = QP . Then, every χ ∈ Irr q ′ (G) has degree not divisible by p if and only if N G (Q) ⊆ N G (P ) and C P ′ (Q) = 1.
It would be apropos to comment on Thompson's A-version here, but it does not seem that the right theorem (if it exists) has been found yet. Problem 6.3. Suppose that A acts coprimely on G. Is it possible to give a group-theoretical characterization of when every nonlinear character χ ∈ Irr A (G) has degree divisible by p? If G is any finite group and p and q are primes, is it possible to give a group-theoretical characterization of when every nonlinear character in Irr q ′ (G) has degree divisible by p?
Part of the difficulty of solving Problem 6.3 is that what seems to be the most natural generalization of Thompson's theorem does not hold: if A acts coprimely on G and p divides χ(1) for all nonlinear χ ∈ Irr A (G), then it is false that C = C G (A) has a normal pcomplement. If K is the extra-special group of order 7 3 and exponent 7, then Aut (K) has several conjugacy classes of cyclic subgroups U of order 6. It is possible to choose U such that, in the semidirect product KU , if we take G = KH and consider the action of A on G (where U = H × A, H has order 3 and A has order 2), then every nonlinear irreducible A-invariant of K has degree divisible by p = 7 while C = C G (A) is isomorphic to the Frobenius group of order 21. It would be a mistake to underestimate the importance of these "projective degrees" in character theory. This is especially true currently since it is now believed that all the conjectures mentioned at the beginning of these notes should have a "twisted version." So, returning to the Itô-Michler theorem: What happens if every χ ∈ Irr(G|θ) has a degree not divisible by p? What we would like to prove is that the Sylow p-subgroups of G/N are abelian. It is not that well known, but this fact is implied by Brauer's height zero conjecture.
The if direction of the height zero conjecture was reduced to quasisimple groups by Berger and Knörr in the 1980's, and, as we have already said, it has now been completed by Kessar To drop the hypothesis that G/N is p-solvable in the previous theorem has been a tough problem for many years. In fact, this was one of the obstacles to proving Brauer's height zero conjecture. Fortunately, this theorem was recently proved [31]. Problem 7.2. Let p be a prime, let G be a finite group, let N ▹ G, and let θ ∈ Irr(N ) be G-invariant. Is there a group-theoretical characterization of when every χ ∈ Irr(G|θ) has degree not divisible by p?
The dual version of Problem 7.2 would be to characterize when, for every χ ∈ Irr(G|θ), we have that p divides χ(1)/θ(1).
Permutation characters.
We mentioned in Section 2 that, for some time, we have been looking for the exact subset of Irr(G) that characterizes the normality of P (and forgets its commutativity). We have recently found this subset.
If H ⊆ G, let Irr((1 H ) G ) be the set of the irreducible constituents of the permutation character ( 
